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Inspired by recent experimental advances to generate Abelian flux for neutral cold atoms and
photons moving in a lattice, we investigate the possible effects of the pi flux through a unit cell
in the pseudo-spin 1/2 spinor boson Hubbard model in a square lattice. We find that the pi flux
induces a dramatic interplay between the charge and the spin which leads to a frustrated superfluid.
We develop a new and systematic ”order from quantum disorder” analysis to determine not only
the true quantum ground state, but also the excitation spectrum. The superfluid ground state has
a 4 sublattice 90◦ coplanar spin structure which supports 4 linear gapless modes with 3 different
velocities. We speculate the transition from the weak coupling frustrated SF to the strong coupling
Ferromagnetic Mott state to be in a new universality class of non-Ginsburg Landau type. These
novel phenomena may be observed in these recent cold atom and photonic experiments.
The original Hofstadter problem describes free elec-
trons moving in a lattice potential subject to a magnetic
flux α through a unit cell [1]. Unfortunately, it needs an
astronomical large magnetic field to generate any appre-
ciable magnetic flux α through each unit cell of a solid, so
it is not possible to realize the Hofstadter problem of free
electrons in any solid. Fortunately, there are recent ex-
perimental advances to generate effective magnetic flux α
through each unit cell of an optical lattice for cold atoms
[2–9] and that of a microwave cavity array for photons
[10–13]. Both the cold atom and the photonic system lead
to the bosonic analog of Hofstadter problem. However,
bosons are necessarily interacting [14, 15], so one must
consider the bosonic Hofstadter-Hubbard model which
was studied theoretically in the weak coupling limit in
[16]. One may also add pseudo-spin degree of freedoms (
or the two polarizations for photons ) to the Boson Hub-
bard model to realize spinor boson Hubbard model [17]
which was theoretically studied in [18].
In this paper, we will investigate the possible effects of
the Abelian magnetic flux α in the pseudo-spin 1/2 spinor
boson Hubbard model. We focus on the most frustrated
case with π flux. We find that in the weak interaction
limit, the π flux sparks dramatic interplay between the
superfluid and the (pseudo-)spin of spinor bosons, which
leads to a frustrated superfluid even in a bipartite lattice.
We develop a new and systematic two step ”order from
quantum disorder” analysis to determine not only the
ground state, but also the excitation spectrum of such a
frustrated superfluid. In the first step, by identifying a
classically degenerate family of states upto the exact spin
SU(2)s symmetry, and generalizing Bogoliubov theory to
multi-components, we find the quantum ground state is
a superfluid state with the spin orbital structure of a 4
sublattice 90◦ coplanar state in a square lattice. It not
only breaks the charge U(1)c symmetry, but also the spin
SU(2)s symmetry completely which should lead to 4 lin-
ear gapless modes. We find 3 linear gapless modes and
1 quadratic mode in the long wavelength limit. In the
second step, by incorporating the order from quantum
disorder contribution to the Hamiltonian, we show that
the quadratic mode is turned into a soft linear gapless
mode, but the other three linear modes remain intact,
in agreement with the exact results from the symmetry
breaking analysis. We also speculate the transitions from
the weak coupling frustrated SF to the strong coupling
Ferromagnetic Mott state to be in a new universality
class of non-Ginsburg Landau type nature which could
be tested by sign free quantum Monte-Carlo simulations,
but with soft core bosons. These novel phenomena can
be easily observed in recent cold atom ( or photonic )
experiments generating Abelian flux in an optical lattice
( or in a microwave cavity array ).
We study a pseudo-spin-1/2 Boson-Hubbard model in
a π-flux on the square lattice described by:
H = −t
∑
〈ij〉
eiAijb†iσbjσ + h.c.+
U
2
∑
i
n2i − µ
∑
i
ni (1)
where biσ are the boson annihilation operators on site
ri, ni = ni↑ + ni↓ is the total number of bosons. µ is
a chemical potential. In the following, we only focus on
the spin SU(2) invariant interaction.
Order from disorder mechanism to determine the quan-
tum ground state: Step 1- In the weak coupling limit
U/t ≪ 1, we will first diagonalize the non-interacting
Hamiltonian and then treat the weak interaction pertur-
batively by generalizing Bogoliubov theory to two com-
ponents. The gauge shown in Fig.1a leads to two sublat-
tices A and B. The diagonalization in this gauge leads to
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FIG. 1. (a) The Z2 gauge used in the text with the real and
spin-independent hopping ±t. (b) In Z2 gauge, two (double)
degenerated minimum at the two momentum K1 = (0, pi/2)
and K2 = (0,−pi/2). The diamond shape is the BZ. The
inner dashed line is 1/2 of the BZ. The full square is twice
the BZ (2BZ).
two energy minima atK1 = (0, π/2) andK2 = (0,−π/2)
shown in Fig.1b with the corresponding two-sublattice
eigen-vectors:
η1 =
1√
2
(
e−i
pi
4
1
)
, η2 =
1√
2
(
ei
pi
4
1
)
, (2)
At the mean field level, we find a degenerate family of
states which contains not only the exact U(1)c ×SU(2)s
symmetries, but also a spurious U(1) symmetry:
Ψ =
√
ρeiθ[eiα cosφ(η1 ⊗ χ˜1)e−iK·r
+ e−iα sinφ(η2 ⊗ χ˜2)eiK·r] (3)
where
χ˜1 =
(
cosβ/2
eiγ sinβ/2
)
, χ˜2 =
(−e−iγ sinβ/2
cosβ/2
)
(4)
are two ortho-normal spinors. The exact U(1)c symmetry
tunes the global phase θ. The exact SU(2)s symmetry
tunes the three spin angles (α, β, γ), while the spurious
U(1) symmetry tunes the angle φ which need to be deter-
mined by the “order from quantum disorder” mechanism.
By using the exact Uc(1) symmetry, we set θ = 0 and
the exact SUs(2) symmetry to align the spinor along the
zˆ direction. Eq.3 can be simplified to
Ψ0 =
√
N0
Ns
[
cosφ
(
e−i
pi
4
1
)
⊗
(
1
0
)
e−iK·r
+sinφ
(
ei
pi
4
1
)
⊗
(
0
1
)
eiK·r
]
(5)
which has a uniform density N0/Ns.
By writing the Bose field as a sum of condensa-
tion plus a small quantum fluctuation Ψ = Ψ0 + ψ,
one can perform an expansion of original Hamiltonian
H = H(0) + H(1) + H(2) + · · · where · · · means high
order terms [19]. The first term in the expansion is
H(0) = E0 = (−2
√
2t − µ + 12n0U)N0, which is the
mean-field ground-state energy, then setting H(1) = 0
determines chemical potential µ = −2√2t + n0U , then
diagonalizing H(2) by a 8× 8 Bogoliubov transformation
leads to:
H(2) = E(2)0 +
∑
q
4∑
l=1
Ωl(q;φ)
(
β†l,qβl,q +
1
2
)
(6)
where E
(2)
0 = −Ns(2
√
2t + n0U/2) and q ∈
{(qx, qy) : |qx + qy| ≤ π} is the diamond BZ in Fig.1b
[20]. The quantum corrected ground state energy is:
EGS(φ) = Et0 +
1
2
∑
q
4∑
l=1
Ωl(q;φ) (7)
where Et0 = E0 + E
(2)
0 .
The numerical result of EGS(φ) as a function of φ in
Fig.2a shows that EGS reaches its minima at φ = π/4.
We can expand EGS(φ) around its minimum δφ = φ−π/4
as
EGS(φ, n0U) = E1 +
B
2
(δφ)2 + · · · (8)
where E1 = EGS(φ = π/4, n0U) and the coefficient B is
obtained as
B = (n0U)
2
∑
q∈BZ
4∑
n=1
28t4(cos qx − cos qy)2Ωn(q)∏
m 6=n[Ωn(q)2 − Ωm(q)2]
(9)
where Ωn = Ωn(q, φ = π/4). We find that B = c
(n0U)
2
t
where c ∼ a+ b logU/t as shown in Fig.2a.
So the “order by disorder” mechanism selects φ = π/4
among the classically degenerate family. Its associated
spin structure Si = (S
x
i , S
y
i , S
z
i ) is given by:
Si =
~
4
[(−1)ix(1, 1, 0) + (−1)iy (−1, 1, 0)] (10)
which is a 4-sublattice 90◦ spin structure in Fig.2b, in
comparison with the 3-sublattice 120◦ frustrated spin
structure in the triangular lattice [21–23, 26].
Excitation spectrum above the 90◦ frustrated quan-
tum ground state.- Setting φ = π/4 into the Bogliubov
Hamiltonian Eq.6, we find that Ω1(q) contains one lin-
ear mode at (0, 0) ( called ω1 ) and another at (π, 0) (
called ω2 ). Ω2(q) contains one quadratic mode at (0, 0)
( called ω3 ) and another at (π, 0) ( called ω4 ). Their
expressions can be simplified if we introduce:
ω±(q) =
√
Aq +Bq ±
√
4AqBq + C2q , (11)
where we define
Aq = 4t
2(cos2 qx+ cos
2 qy)−
√
2tn0U(cos qx+ cos qy),
Bq = 2t(4t+
√
2n0U),
Cq =
√
2tn0U(4+ cos qx+ cos qy) (12)
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FIG. 2. (a)The quantum ground-state energy EGS(φ) has
a minimum at φ = pi/4. Expanding around the minimum
leads to the coefficient B in the inset. The parameters are
n0U = t = 1. (b) The quantum ground state has the 4-
sublattice coplanar 90◦ frustrated spin structure Eq.10.
where q is defined in the 2BZ in Fig.1b. In the long wave-
length limit q → 0, the 4 gapless modes can be written
as: ω1 = ω−(q) =
√√
2tn0Uq, ω2 = ω−(K2 + q) = ω4 =
ω−(K4 + q) =
√
4t2n0U
4
√
2t+n0U
q, ω3 = ω−(K3 + q) = t√2q
2
where K2 = (π, 0),K4 = (0, π),K3 = (π, π) [24]. Here
the degeneracy ω2 = ω4 is dictated by the [C4 × C4]D
symmetry of the 90◦ state in Fig.2b. One can see that
the three linear modes ω1, ω2 = ω4 are proportional to√
n0Ut, while the quadratic mode ω3 is independent of
the interaction U . In fact, it is identical to the free parti-
cle dispersion. On the other hand, the 90◦ coplanar state
in Fig.2b breaks both the U(1)c and completely the spin
SU(2) symmetry, so it should lead to 1+3 linear gapless
modes instead of 3 linear and 1 quadratic mode. So the
quadratic mode ω3 must be an arti-fact of the Bogliubov
calculation to this order. In the following, we show that
this in-consistence can be completely resolved by involv-
ing the order from quantum disorder mechanism.
The soft Goldstone mode generated by the ”order from
quantum disorder” mechanism: Step 2- In the geomet-
rically frustrated quantum spin systems, an order from
quantum disorder analysis [21–23] was developed to cal-
culate the gap at ~k = 0. When applying this analysis to
Eq.8, we find that due to the absence of the conjugate A
term ( dictated by the spin SU(2) symmetry ), there is
still no gap at ~q = 0 generated to the quadratic ω3 mode.
So the previous analysis can not lead to any useful in-
formation to the present problem. Here we develop the
second step of the systematic ”order from disorder anal-
ysis” to go beyond that developed in [21–23] to compute
the contributions to the spectrum from Eq.8. In order
to compute the contributions to the spectrum, one need
to express the order from disorder field operator δφr in
Eq.8 in terms of the original boson field operator in Eq.1,
then adding it to the H(2) in Eq.6, we arrive at the effec-
tive Hamiltonian incorporating the order from disorder
(OFD) mechanism:
HOFD = H
(2) + δH =
1
2
∑
q
Ψ†q(M + δM)Ψq (13)
where δM can be written as the 8 × 8 matrix listed in
Eq.6 in the SM.
After re-applying a 8 × 8 Bogoliubov transformation
to Eq.13, we find it changes the quadratic dispersion
ω3(q) =
t√
2
q2 into a linear one ω3 = v3q =
√
Bt
2
√
2n0
q.
While the SF Goldstone mode ω1(q) = v1q remains the
same. Due to the momentum separation, the other two
linear modes remain un-affected. Finally we obtain fol-
lowing long-wave length limit results for all the 4 linear
modes:
ω1 = v1q =
√√
2tn0Uq,
ω2 = ω4 = v2q =
√
4t2n0U
4
√
2t+ n0U
q ∼ ω1/
√
2
ω3 = v3q =
√
Bt
2
√
2n0
q (14)
where q = |q| =
√
q2x + q
2
y.
Using the fact B = c(n0U)
2/t, its velocity v3 ∼ √n0U
vanishes in the U = 0 limit [19]. In the weak coupling
limit, U/t≪ 1, so we have v1 > v2 = v4 ∼ v1/
√
2≫ v3.
So the ω3 mode becomes linear only in a tiny regime near
zero momentum beyond which it recovers the quadratic
free particle mode.
The condensate fraction and the Quantum depletions.-
From Eq.6,11,12, we can evaluate the quantum depletion
N1 = N −N0:
N1 =
1
4
∑
q,s=±
[
1
ωs(q)
(4
√
2t+ n0U
+ s
2(4
√
2t+ n0U)Aq + n0UCq√
4AqBq + C
2
q
)− 1] (15)
where sum over q is restricted to the 2BZ in Fig.1b.
In the cold atom experiments, the total density n is
given. Then the condensate density n0 can be solved
with a fixed values of n and U in Eq.15. Shown in Fig.3
is the condensate fraction n0/n as a function of n and U .
where one can see at U/t≪ 1, 1−n0/n≪ 1 justifies the
perturbation theory in the weak coupling limit. As U/t
gets larger, away from the integer fillings n, the system
remains in the SF state, the ground state remains the 4-
sublattice coplanar 90◦ state in Fig.2 with the 4 gapless
linear modes. However their velocities in Eq.14 may not
be precise anymore.
The strong coupling FM Mott state and the nature
of the transition from the weak to strong coupling.- In
the strong coupling limit U/t≫ 1, at the integer fillings,
the system gets into a Mott insulating state. The second
order perturbation in the strong coupling expansion in
t2/U lead to a spin-n/2 Ferromagnetic Heisenberg model
[25]:
Hspin = −J
∑
〈ij〉
Si · Sj (16)
40.0
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FIG. 3. (a) The condensate fraction n0/n as a function of U/t
when filling factor n = 0.5 and n = 1. (b) The two possible
scenarios of the quantum phase transitions from the frustrated
SF at weak coupling to the FM SF at strong coupling. There
could be a direct first order transition in (b1), or a novel
transition from the frustrated SF to the FM SF at (U/t)c1,
followed by a conventional SF to Mott transition at (U/t)c2
in (b2).
where [27] J = 4t
2
U
. Note that the π flux makes no dif-
ference in the strong coupling limit to this order [28].
The dispersion in the long wavelength limit is the
well known quadratic gapless FM mode near k = 0
ωk =
nt2
U
(k2x + k
2
y). This is in sharp contrast to the sym-
metry breaking U(1)c × SU(2) → 1 leading to 4 linear
gapless mode in the frustrated SF phase in Eq.14. The
two possible scenarios of the quantum phase transitions
between the two limits are shown in Fig.3. Notably, the
SF is involved in the transition at (U/t)c1, it is disentan-
gled with the spin in the SF + FM phase, but entangled
with the spin in the frustrated SF phase. So this could
be a novel non-Ginsburg-Landau type transition. Note
that Eq.1 in the π flux has the spin SU(2)s symmetry,
also Time reversal symmetry, so it should have no sign
problem. Large scale QMC with soft core bosons maybe
employed to investigate the nature of the transition [29].
The implications on cold atom and photonic exper-
iments and detections.- The cold atom condensation
wavefunction can be directly imaged through Time of
flight (TOF) images [15] which after a time t is given by:
n(x) = (M/~t)3f(k)G(k) (17)
where k = Mx/~t, f(k) = |w(k)|2 is the form factor
due to the Wannier state of the lowest Bloch band of
the optical lattice and G(k) = 1
Ns
∑
i,j e
−k·(ri−rj)〈Ψ†iΨj〉
is the equal time boson structure factor. For a small
condensate depletion shown in Fig.3, 〈Ψ†iΨj〉 ∼ 〈Ψ†0iΨ0j〉
where Ψ†0i is the condensate wavefunction Eq.5 at φ =
π/4. So the TOF can detect the quantum ground state
wavefunction directly. The quantum depletion calculated
in Eq.15 leads to a reduction in the magnitude of the
condensation peaks atK and−K in Eq.5 and some broad
backgrounds.
The 4-sublattice 90◦ spin-orbital structure Eq.10 in
Fig.2, the 4 gapless modes in Eq.14 and the nature of
the transition in Fig.3b can be precisely determined by
dynamic or elastic, energy or momentum resolved, lon-
gitudinal or transverse Bragg spectroscopies [31–36] in
cold atoms and the site- and time-resolved spectroscopy
[10–13] in photonic systems.
Discussions.- We showed that an Abelian flux to a
weakly interacting pseudo-spin 1/2 spinor bosons in a bi-
partite lattice induces a magnetic frustrated SF ground
state even in a bipartite lattice. This is a new mechanism
leading to quantum frustrated phenomena different than
the well known geometric frustrations [21–23]. Further-
more, we developed a new and systematic two step ”order
from quantum disorder” analysis to calculate not only
the mass gap, but also the spectrum. This systematic
development, especially its second step, is vital to rec-
oncile the calculations by a multi-component Bogliubov
analysis with the exact results from symmetry breaking
analysis. This new method can be applied to compute
the excitation spectrum in any quantum frustrated sys-
tems. The results achieved can be directly detected in
the current cold atom and photonic experiments.
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